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MORSE THEORY FOR THE YANG-MILLS FUNCTIONAL
VIA EQUIVARIANT HOMOTOPY THEORY

URSULA GRITSCH

ABSTRACT. In this paper we show the existence of non-minimal critical points
of the Yang-Mills functional over a certain family of 4-manifolds {Mzg : g =
0,1,2,...} with generic SU(2)-invariant metrics using Morse and homotopy
theoretic methods. These manifolds are acted on fixed point freely by the Lie
group SU(2) with quotient a compact Riemann surface of even genus. We
use a version of invariant Morse theory for the Yang-Mills functional used
by Parker in A Morse theory for equivariant Yang-Mills, Duke Math. J. 66-2
(1992), 337-356 and Rade in Compactness theorems for invariant connections,
submitted for publication.

1. INTRODUCTION

In this paper we construct a family of Riemannian spin 4-manifolds, denoted by
{Msy : g =0,1,2,...}, acted on by the Lie group SU(2) and prove an existence
result for non-minimal critical points of the Yang-Mills functional over the manifold
Moy (for g # 1) for generic SU(2)-invariant metrics. The manifold M, is the
product of a compact Riemann surface F», of even genus and the two-sphere S?
modulo an involution. The SU(2)-action is the standard action on S? and the
trivial action on Fa4. In section 3.4 we prove

Theorem 3.4.10. Fiz g=0,1,2,... and let AT and A~ be the positive and neg-
ative SU(2)-equivariant spinor bundles over the 4-manifold Magy. Fiz an SU(2)-
mvariant metric.

(i) The Yang-Mills functional restricted to the invariant orbit space Y M : Bgy ()
— R owver the manifold Magy has at least 29 + 1 critical points on each of the
bundles A* and A™.

(ii) In the case g = 0 for a generic SU(2)-invariant metric the critical point on
the bundle AT cannot be self dual and on the bundle A~ it cannot be anti-self
dual. In the case g > 2 for a generic SU(2)-invariant metric at least one of
the critical points on the bundle AT cannot be anti-self dual and at least one
of the critical points on the bundle A~ cannot be self dual.
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By Palais’ principle of symmetric criticality [Pal2] each of the critical points in
(i) is a critical point of the Yang-Mills functional on the non-equivariant orbit space
YM : B — R, ie. they are Yang-Mills connections.

For a long time it was conjectured that by analogy with the harmonic map
problem on the two-sphere the Yang-Mills functional on the 4-sphere does not have
other critical points besides the self dual and anti-self dual connections. In [SSU]J
L.M. Sibner, R.J. Sibner and K.K. Uhlenbeck, however, construct a sequence of
non-minimal critical points on the trivial SU(2)-bundle on the 4-sphere with the
round metric. In [SS] L. Sadun and J. Segert find a critical point of the Yang-Mills
functional on every SU (2)-principal bundle 7 over the 4-sphere S* with the standard
metric provided its second Chern class cz(n) is not equal to 1. In [Wan| H.-Y.
Wang proves the existence of an infinite number of irreducible SU(2)-connections
over the manifolds S? x S? and S! x S§3 with the standard metrics which are non-
minimal solutions to the Yang-Mills equations. Finally in [Pa2] T.H. Parker proves
the existence of irreducible non-minimal Yang-Mills fields on the trivial bundle over
St x S3 for some L, where St denotes the circle of radius L; and he shows that there
exists a family of metrics on the 4-sphere S* each of which admits an irreducible
Yang-Mills field on the trivial SU(2)-bundle.

Naturally one would like to do Morse theory for the Yang-Mills functional defined
on the space of connections on a principle bundle over a Riemannian 4-manifold
modulo the action of the gauge group. Since this space B is infinite dimensional,
the Yang-Mills functional needs to satisfy a certain compactness condition, called
the Palais-Smale condition. However, by Uhlenbeck’s weak compactness theorem,
it is well-known that the Yang-Mills functional defined on the orbit space B does
not satisfy this condition.

As noted in [Pal] this problem does not occur if the 4-manifold M is acted on by
a compact Lie group H such that the action has no zero dimensional orbits and we
restrict the Yang-Mills functional to the orbit space By of H-invariant connections
modulo the H-invariant gauge group.

A proof was outlined in [Pal] that the Yang-Mills functional defined on the
invariant orbit space By satisfies the Palais-Smale condition provided the orbit
space By has no singularities. Unfortunately this proof contains a gap: It is not
clear that one can choose good invariant gauges. A different proof was given recently
by J. Rade in [R&]. (See also section 3.1 of this paper.)

In [Pal] Parker uses his Morse theory to reprove Sadun’s and Segert’s result
in [SS] using a fixed point free SU(2)-action on S* called the quadrupole action.
There is also a fixed point free SU(2)-action on S? x S? but Parker’s Morse theory
is too weak to establish the existence of irreducible non-(anti)-self dual Yang-Mills
connections. The manifold M, in theorem 3.4.10 is acted on fixed point freely by
the Lie group SU(2), too.

The general strategy to prove theorem 3.4.10 as proposed by Parker in [Pal]
is as follows. Let My < Bpy denote the subspace of the absolute minima of
the Yang-Mills functional modulo the invariant gauge group. We assume that the
second Chern class of the bundle we are working with is positive. Then the absolute
minima of the Yang-Mills functional are the anti-self dual connections and there are
no self dual connections. (By changing the orientation we obtain the opposite case
of negative second Chern class). If the inclusion ¢ : My < By is not a homotopy
equivalence, then the Palais-Smale condition for the Yang-Mills functional implies
the existence of at least one non-minimal critical point of the Yang-Mills functional
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on the space By. For otherwise the retraction along the flow lines of the gradient
flow of the Yang-Mills functional would give a homotopy inverse of the inclusion
L: My — By.

It follows from Uhlenbeck’s weak convergence theorem and its equivariant ver-
sions in [Cho| and [Ba] that if the bundle n does not admit a reducible H-invariant
anti-self dual connection for any metric, then for a generic H-invariant metric the
moduli space My is a (possibly empty) compact closed manifold of a dimension
which can be computed using the equivariant Atiyah-Singer index theorem.

Denote by BY, the based invariant orbit space of invariant connections modulo
the based invariant gauge group. In section 2 of this paper we identify the weak
homotopy type of the space B?{ in terms of an invariant mapping space. This is a
direct generalization from the corresponding non-equivariant theorem in [AB| prop.
2.4, p. 540] or [DK] prop. 5.1.4, p. 174]. It will turn out that in our example of
theorem 3.4.10 (for M = Ms, and H = SU(2)) the orbit spaces By and BY, are
homeomorphic. Then the information on the homotopy type of the space By and
the dimension of the manifold Mg for generic H-invariant metrics will be enough
to deduce that the inclusion My — By cannot be a homotopy equivalence.

In section 3.2 we define the manifolds My, for g = 0,1,2,... acted on fixed
point freely by the Lie group SU(2), show that they are spin and compute the
second Chern classes of the positive and negative spinor bundles A" and A~. In
section 3.3 we compute the homotopy type of the invariant orbit space Bgy(2) and
in section 3.4 we prove theorem 3.4.10.

2. THE HOMOTOPY TYPE OF THE SPACE BY

2.1 Notation and terminology. Let M be a closed oriented Riemannian 4-
manifold and let n = (P — M) be an SU(2)-principal bundle over the manifold M.
Denote by A the space of smooth connections on the bundle 7. Let G be the group
of smooth gauge transformations of this bundle. This means that elements g € G
are smooth automorphisms of the bundle 7. Let G be the subgroup of the group
G of gauge transformations whose elements are the identity over a given base point
m e M.

Let H be a compact Lie group acting smoothly on the manifold M on the left.
We also assume that the action lifts to the total space P of the bundle n such that
the left action of the Lie group H on the total space P commutes with the right
action of the structure group SU(2) on P. We define the invariant gauge group
G to be the subgroup of the gauge group G such that each gauge transformation
commutes with the action of the Lie group H on the total space P of the bundle
7. Analogously we define the based invariant gauge group G% to be the equivariant
gauge transformations which are the identity over a given based orbit O,, C M.

The groups G and G° act naturally on the space of connections A from the right
by the pull back of connections. We define the orbit space B to be the space A/G
of connections modulo the action of the gauge group and the based orbit space B°
to be the space .A4/G° of connections modulo the action of the based gauge group.

The left action of the group H on the bundle 7 induces a right action on the
space of connections A again by the pull back of connections. The fixed points of
this action are called H-invariant connections. We denote the space of fixed points
by Apg. The invariant groups Gy and GY% act on the space of invariant connections
Ap as above. As in the non-equivariant setting we define the invariant orbit space
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By to be the space Ap /Gy of invariant connections modulo the invariant gauge
group and the based invariant orbit space BY to be the space Ay /GY of invariant
connections modulo the based invariant gauge group.

It is customary in gauge theory to complete the space A in the L?2-Sobolev
norm and the gauge group G in the L32-Sobolev norm using a fixed connection A
on the bundle 1. For notational convenience we still denote the completed space
of connections by A and the completed gauge group by G. Then the group G is a
Hilbert Lie group which acts smoothly on the space of connections .A. Analogously
we complete the space of invariant connections Ay in the L?2-Sobolev norm and
the invariant gauge group Gy in the L?2-norm using an H-invariant connection
which we fix once and for all. The based gauge group G° is a closed subgroup (in
the L32-norm) of the full gauge group G. The same holds for the based invariant
gauge group G%. The orbit spaces B and B® and the invariant orbit spaces By and
BY inherit a topology from the L?2-norm on the space of connections A or the
space of invariant connections Ag.

The results of section 2 are also true if we complete the spaces A and Ay using
Morrey norms as used in [Ra]. This will be used in section 3 and explained in 3.1.
The reader can also take the spaces B and By to be the smooth (invariant) connec-
tions modulo the smooth (invariant) gauge group together with a topology induced
from Sobolev or Morrey norms on the space of smooth (invariant) connections.

2.2 Classification of equivariant bundles. In order to get a model for the
space BY in terms of an equivariant mapping space we need to classify equivariant
principal bundles. These are classified in much the same way as ordinary bundles
are. For computational reasons which will become clear later we prefer to describe
the classification theory of equivariant vector bundles. However the classification
theories of equivariant vector bundles and equivariant principal bundles are really
equivalent. We only give definitions and state results.

Let V be a fixed unitary H-representation. Let G, (V*) be the Grassmannian
of unitary n-planes in the vector space V¥ = V@ ... @V for k > n. The group

k times

H acts naturally on the space G,,(V*) because it acts on the space V*. We de-
note by G (V) = limg_o Gn(VF) the direct limit as an H-equivariant space.
Let v, (V*) = (E,(V*) — G,(V*)) denote the canonical unitary bundle over the
Grassmannian. The fiber over a plane P € G,,(VF) are the points p € P. The
H-action on the Grassmannian lifts naturally to an H-action on the total space of
the canonical bundle giving this bundle the structure of an H-equivariant bundle.
We take the limit E,, (V>°) = limj,_.o E,(V*) and obtain the H-equivariant bundle
(V)= (7 : E, (V) = G (V™).

Define Veth’"(M ) to be the isomorphism classes of H-equivariant unitary n-
dimensional vector bundles over M with the following property: For every m € M
the isotropy representation of the isotropy group H,, on the fiber over m is equiva-
lent to a sub-module of the H,,-module V" induced by the given H-module V. We
call such vector bundles “subordinate to the representation V7. Let [M, G, (V)"
denote the H-equivariant homotopy classes of the H-maps from the manifold M to
the equivariant Grassmannian G, (V).

Theorem 2.2.1 (Wasserman, Segal). The map
[M, G, (V) = Vecty;" (M)
1= (" (m (V™))
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is well defined, natural in M and an isomorphism. The same classification theorem
holds in the case of orthogonal or symplectic equivariant vector bundles if we choose
the H-module V' to be orthogonal or symplectic.

Proof. A proof can be found in [Wal section 2, p. 132] in the case of orthogonal
equivariant vector bundles. The same proof carries over to unitary and symplectic
equivariant vector bundles. A proof of a similar result in the case of complex vector
bundles over a compact manifold is also given in [Sd, section 1, p. 131].

We need a similar classification theorem for bundles with a fixed equivariant
trivialization over a fixed orbit. Fix one orbit O,, & H/H,, for some m € M once
and for all. Let Vectﬁ’,%(M ) denote the set of isomorphism classes of equivariant
n-dimensional unitary vector bundles over M subordinate to the representation V'
together with a fixed trivialization over the orbit O,,. Fix a point *x € G, (V™).
Let [M, G, (V>)]& denote the equivariant pointed homotopy classes of H-maps
f:+ M — Gp(V>) which map the point m to the chosen point * € G,(V>°) and
hence which map the orbit O,, C M to the orbit O, C G, (V).

Theorem 2.2.2. Assume that the manifold M is compact. There is a point * €
G (V) such that the map

[M, G (V)JEh — Vecty;
[f] = (f* (7 (V=)))

is well defined, natural in M and an isomorphism. The same classification theorem
holds in the case of orthogonal or symplectic equivariant vector bundles if we choose
the H-module V' to be orthogonal or symplectic.

Proof. The proof of theorem 2.2.2 uses the same methods as the proof of theorem
2.2.1 working in the category of based equivariant vector bundles.

2.3 The weak homotopy equivalence BY, ~ Map% (M, B(H, Sp(1)))". Recall
that n = (P — M) is an H-equivariant SU(2) 2 Sp(1)-principal bundle and we
also denote by n = (£ = P X g,1) H — M) the associated quaternionic line bundle
with structure group SU(2) = Sp(1). Choose an orbit O,, 2 H/H,, in M and a
fixed trivialization of the bundle 1 over O,,,. Choose a quaternionic representation
V' of the group Sp(1) such that the vector bundle 7 is subordinate to V. Denote
by B(H,Sp(1l)) = G1(V*°) the corresponding Grassmannian which classifies the
vector bundle 7 together with the trivialization over the orbit O,, according to
theorem 2.2.2. In the following, if an H-equivariant vector bundle £ is subordinate
to an H-module V', we say that the associated principle frame bundle (also denoted
by &) is subordinate to the H-module V' as well. Also, throughout this paper, we
give all spaces of maps the compact-open topology.
To prove the weak homotopy equivalence

BY, ~ Map%; (M, B(H,Sp(1)))"

(where the right hand side denotes the component of the mapping space of maps
which classify the bundle n) we follow the proof of the corresponding non-equivariant
result

B° ~ Map®(M, B(Sp(1)))"
in [DK|, prop. 514, p. 174].



3478 URSULA GRITSCH

As in [DK| (5.1.5), p. 175] associated to the H-equivariant SU(2)-principal
bundle n = (P — M) we have the bundle = over the base BY, x M defined as
SU(2) — A xgy P — BY% x M. The bundle = is in a natural way an H-equivariant
bundle and hence it is classified by an H-equivariant map § : BY x M — G1(V>®°) =
B(H, Sp(1)). Here V is an H-module to which the bundle 7 (and therefore also the
bundle Z) is subordinate.

Theorem 2.3.1. The adjoint of the map §
5 : By — Mapgy (M, B(H, Sp(1)))"
is well-defined and induces a weak homotopy equivalence.

Proof. The proof is a technical modification of the analogous result in the non-
equivariant setting given in [DKJ prop. 5.1.4, p. 174]. One uses a universal family
of H-invariant framed connections on the bundle E.

3. NON-MINIMAL CRITICAL POINTS OF THE YANG-MILLS FUNCTIONAL

In the remaining part of this paper we construct the family {Ms;: ¢ =0,1,2,...}
of 4-manifolds and prove theorem 3.4.10.

3.1 Analytical background. We introduce certain completions of the spaces A,
Ap, G and Gy not usually used in gauge theory but used in [Ra]. Using these
norms J. Rade is able to show ([Ral, Theorems 3 and 4, p. 4]) that the Yang-Mills
functional on the space By = Ap /G satisfies the Palais-Smale condition provided
the group H acts isometrically with no zero dimensional orbits on the manifold M
and the H-equivariant principal bundle n = (SU(2) — P — M) has no reducible
connections. (A connection is called reducible if its isotropy group of the action of
the gauge group on the space of connections is larger than the subgroup Z, = {£1}
of constant gauge transformations).

The Morrey space L (R™) = LYP(R™), with p € [1,00) and A € R, is defined as
the space of all f € LP(R™) such that

sup sup o " fI7, () <00
p€(0,1] z€R™

It is a Banach space with norm

T T Wan [/
The Morrey space Li’p(R”) with k a positive integer, p € [1,00) and A € R, is
defined as the space of all f € Li’p(R") such that 9°f € LY(R™) for all a with
|a| < k. Tt is a Banach space with norm

1A gy = 2 10 g

|| <k

The global Morrey spaces Li’p (M) are defined using a local trivialization on the
manifold M ([Ral p. 10]).

The reason why Morrey spaces are useful in equivariant gauge theory are the
following two observations made in [Ra].
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Lemma 3.1.1 (Special case of [Ral, Lemma A.1, p. 18]). Let H be a compact Lie
group that acts smoothly on the manifold M, in such a way that all H-orbits have
dimension > 1, and that acts smoothly on the bundle n. If s € L*P(M,n) with
k€7 and p € [1,00), is H-invariant, then s € L*P(M,n). If A is an H-invariant
connection on 1, then

< cf|s]|

p P
s sm cary LiP(a)

The constant ¢ only depends on the Riemannian manifold M and on the orbits of
the action of the group H on the manifold M.

The second point is that the Morrey spaces LS”’ in n dimensions satisfy “the
same” embedding theorems as the Sobolev spaces L*? in d dimensions. Hence we
get multiplications

L% x L3% — 32,
L% x Ly* — Ly?,
and L3? x LY? — L3 — L?  (see [Ra, p. 12]) .

It follows that if we complete the gauge groups G and Gy and the spaces A and
Apg in the L§’2— and Lé’Q—norm respectively, then G and Gy are Hilbert Lie groups
that act smoothly on A or Ay and the Yang-Mills functional is continuous on .4
and Ag.

J. Rade is now able to show in [Ral Theorems 3 and 4, p. 4] that the Yang-Mills
functional on the space By = Ay /Gn satisfies the Palais-Smale condition provided
the group H acts isometrically with no zero dimensional orbits on the manifold M
and the H-equivariant principal bundle n = (SU(2) — P — M) has no reducible
connections.

If the bundle 1 does not admit reducible connections the invariant orbit space
By is an infinite dimensional Hilbert manifold. The L:?-metric on the space of
invariant connections Ap is Gy-invariant and descends to a metric on the manifold
Bp. Lemma 3.1.1 shows that the space By together with the Lé’Q—tOpology and
the L12-metric is a complete Riemannian manifold.

3.2 The manifold My, = Foy X, S(v). Let Foq denote an oriented Riemann
surface of genus 2g. We denote by S(v) the unit sphere in the representation v
where v is the standard representation of the Lie group SO(3) on R3. The space
S(v) has an induced SO(3)-action. Topologically the represenation sphere S(v)
is just the 2-sphere S?. We define an involution o on the product Fp, x S(v) as
follows. We think of the Riemann surface F», as being obtained from two oriented
Riemann surfaces F, of genus g with a 2-disk D? removed and glued along the
boundary S!, i.e.

~7:29:(~7:9_D2)U51 (j:g_DQ)-

We say that one of the surfaces 7, — D? is positive and think of it as lying above
the circle S'. We call the other negative, think of it as lying below the circle S*
and as the mirror image of the positive one. Then there is an involution

(3.2.1) o1 Fag — Fay

fixing the “gluing circle” S! and interchanging the positive and negative surfaces.
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Example 3.2.2. In the case ¢ = 0 the involution o; is the map
o1: 8% — 52,
01(3?71% Z) = (l‘,y, _Z) .

Let 02 : S(v) — S(v) be the reflection through the origin, i.e., oa2(z,y,2) =
(—x,—y, —z). Then we define

0 Fag X S(v) — Fag x S(v)

3.2.3
(3:23) by o(v.w) = (01(v), 0o (w))
Since the involutions o1 and o9 are both orientation reversing, the involution o :
Fag x S(v) — Fay x S(v) is orientation preserving. Also since the involution

0 Fog X S(v) — Fag x S(v) has no fixed points, the quotient
(3.2.4) Mgg = .7:2_(] Xo S(U)

is a closed oriented 4-manifold. Any pair of metrics on the two-sphere S(v) invari-
ant under the involution o2 and on the Riemann surface F5, invariant under the
involution ¢ induce a metric on the manifold Msy,. We fix one arbitrary metric on
the manifold Myg.

The action of the Lie group SO(3) on the sphere S(v) commutes with the re-
flection through the origin in S(v) and hence we obtain an SO(3)-action on the
manifold M, by letting the group SO(3) act trivially on the surface Fo, and by
the action on S(v). For technical reasons which will become clear later we consider
the induced SU(2)-action on the manifold Ms,. This action has no fixed points
as SO(3) acts transitively on S(v). Also since the group SU(2) is connected it
acts in an orientation preserving fashion on the manifold My,. Since the group
SU(2) is compact we can assume that the chosen metric on the manifold M, is
SU (2)-invariant.

Lemma 3.2.5. The manifold Mag = Fag X5 S(v) is a spin manifold.

Proof. Let T'M», denote the tangent bundle of the manifold Ms,. We have to show
that the second Stiefel-Whitney class

wa(TMay) € H?*(May; 7o) = Hom (Ho(May; Zs); Zo)

is zero. Let {x; : i € I} C Hy(Mag;Zs) be a generating set of Ho(May;Zs) and
represent every element z; by a map f; : X — My, where X is a compact surface.
It is enough to show that for every map f; as above the pull back bundle f; (T M)
is trivial. We now only sketch the argument.

The group Ho(Mag;Zs) = Ha(May; Z) @ Ly © Tor (Hy(Mag; Z); Za) = Lo @ Lo
is generated by two cycles fief and fyes chosen as follows. On the two-sphere
S(v) we choose a CW-decomposition symmetric under the reflection through the
origin consisting of two 0-cells ef and ey, two 1-cells ef and e; and two 2-cells e5
and e, . The cell fy denotes a 0O-cell on the Riemann surface F», which lies on the
“gluing circle”. Then fie] and foed denote the images of the cartesian products
of the appropriate cells on the Riemann surface F», and the two sphere S(v) under
the projection m : Fag X S(v) — Fag X5 S(v) = May.

The map f : RP? — Fp, X, S(v) = Ma, given by [z] — [fo, ] represents the
torsion element foes. One shows that f*(T'Ma,) is the trivial bundle using the
same ideas as in [MS| Lemma 3.4, p. 43] to compute the tangent bundle of the
manifold RP?.
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Let g : ST x RP! — Fyy X, S(v) be the map g(A, [u]) = [\, u] where we identify
the circle S with the “gluing circle” S* C F,. The map g is a representative
for the element fie]. One shows that g*(TMa,) = St x f*(TMas,)/RP! where
we consider the 1-dimensional real projective space RP! sitting inside RP? by the
standard inclusion. This finishes the proof of Lemma 3.2.5.

Fix a spin structure corresponding to an element o € H'(Ms,; Z). Let AF and
A7 be the associated positive and negative spinor bundles. Both are 2-dimensional
complex vector bundles with structure group SU(2).

Remark 3.2.6. As SU(2)-bundles the bundles A} and A, do not depend on the
choice of the spin structure on the manifold Ma,. This means that for two elements
oand 6 € HY(May; Zo) if AY, A, and Ag , Ay denote the associated positive and
negative spin bundles, then as SU(2)-bundles A} = AT and A, 2 Aj. This can
be proved using an idea which is stated in [LM| p. 84].

Recall that the Lie group H = SU(2) acts on the manifold My, by acting
trivially on the surface Fy4 and by the action of SO(3) on S(v). This action on
the manifold M, has no fixed points and lifts canonically to the tangent bundle
TMyy = TFog o T'S(v). Since the Lie group SU(2) is connected and simply
connected it lifts to any spin bundle over the manifold Mj, covering the action
on the tangent bundle. Hence it also lifts to the positive and negative spinor
bundles AT and A~. These SU(2)-actions on the bundles AT and A~ are lifts
of the induced SU(2)-actions on the bundles Ey = TMa, x,, A2 (R*) and E_ =
TMsy %, A%(R*) to a spin structure on F, and E_. Here py denote the two
non-equivalent irreducible three dimensional representations of SO(4) on A% (R*).
These lifts from the bundles E and F_ to the bundles A* and A~ are unique since
each two lifts differ by maps ax : SU(2) X Pspin(E+) — Zo such that ax(Id,p) =1
for each p € Pspin(E+). Here we denote by Pspin(E4) the principal spin bundle of
the bundle E; and define Pgp;y(E_) similarly. Since the product SU(2) X Pspin(F1.)
is connected, the maps a4 have to be the constant maps ay (A, p) =1 € Z, for all
elements A € SU(2) and p € Pepin(E+).

We now compute the second Chern classes co(AT) and co(A ™) of the bundles AT
and A~. Since we have the relations p1(E;) = —4co(AT) and p1(E_) = —4ca (A7)
between the first Chern classes and the first Pontryagin classes, it is enough to
compute the first Pontryagin classes of the bundles E- .

Proposition 3.2.7. Let Ey = T My x,, A% (R*) and E_ = T Mg x,_ A% (R*) be
the vector bundles induced from the tangent bundle of the manifold Moy by the
representations py : SO(4) — GL(A%(R")). The first Pontryagin classes are
p1(Ey) = 4(1 - 29) and p1(E-) = —4(1 — 2g).

Proof. p1(E_) follows from p;(F,) by changing the orientation. Let 7' C SO(4) be
the standard maximal torus T 22 SO(2) x SO(2) in the compact Lie group SO(4)
and let 7" C SO(3) be the maximal torus

1 0 0
T'={|0 cosf —sinf||0<0<2m}.
0 sinf cosf
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We compute for the representation pi restricted to the maximal torus 7' inside
SO(4) that p4(T) C 7" and

cosfy —sinb, 0 0

sin 0 cos 0 0 1 0 0
p+( 1 ! . ) =10 COS(01 + 92) — sin(01 + 92)
0 0 cosfy —sinf, 0 sin(6; + 62) (01 + 02)
0 0 sinfly  cosfs S ! 2 cosiPL 2

Let y € HY(T';Z) and 1,22 € H'(T,Z) be the generators. Then the induced map
in cohomology is given by

ot HY(T,Z) — H' (T Z)

Pi(y) =21+ 22
By the splitting principle we may assume that My, =2 I; @ Il where [; and Iy
are SO(2)-bundles over the manifold My, and z; = ¢1(I;) for i = 1,2. By [BoH|
Theorem 10.3.b, p. 491] we obtain for the total Pontryagin classes of the vector
bundle E
2p(Ey) =14+ (21 + x2)2 =1+ x% + xg + 2x179

(3.2.8) =1+ pi1(TMag) + 2e(T May).
where p(T'Msy) denotes the first Pontryagin class and e(T'Ma,) the Euler class of
the tangent bundle of the manifold M>,. Hence we obtain from (3.2.8) and Lemma

3.2.9 below the equality p1(Ey) = 2(2 —2(2¢g)) = 4(1 — 2g). This finishes the proof
Of Proposition 3.2.7.

Lemma 3.2.9. (i) e(T'My,) =2 —2(2g)
(11) P1 (TMQg) =0.

Proof of Lemma 3.2.9. Let m: Faog x S(v) — Fag X5 S(v) = Mag be the canonical
projection. On the fourth cohomology group H* with integer coefficients the in-
duced map 7* is multiplication by 2. Also we obviously obtain for the pull back
bundle of the tangent bundle 7'My, the isomorphism 7* (T'Myg) = TFag x T'S(v).
As complex line bundles we write T Faq = oy and T'S(v) = lp with the dual bundles
l_gg and l_o.

For (ii) we obtain

T (p1(TMzg)) = 2p1(T'Mag)
=p1(TFzg x TS(v)) = —c2((TF2g x TS(v)) ® C)
= —ca((lzg @ lzg) x (lo ® lo))
=1xc1(lo)? +er(lzg)? x 1
=0 evaluated on H*(Fp, x S(v);Z)

since the classes c1(lp)? evaluated on H*(S(v),Z) and c;(l2,)? evaluated on
H*(Fag4; Z) are zero.
For (i) we obtain

7 (e(TMag)) = 2e(T' May)
=e(TFog x TS(v)) = e(TFaq) x e(T'S(v))
=(2—2(29))2 evaluated on H*(Fa, x S(v);Z).
This gives e(T'Mag) = 2 — 2(2g) and finishes the proof of Lemma 3.2.9.



MORSE THEORY FOR THE YANG-MILLS FUNCTIONAL 3483

Corollary 3.2.10. The second Chern classes of the positive and negative spinor
bundles A% over the manifold Ma, are given by ca(AY) = 2g — 1 and c2(A™) =
1—2g.

We can now set up the equivariant Morse theory. Fix an SU(2)-invariant metric
on the manifold M.

Remark 3.2.11. Since H?(Ma,4;Q) = 0 and since the bundles A* have non-zero
second Chern classes by Theorem 3.1 in [FUL p. 47] (see also [Pall, Lemma 3.3,
p. 346]) they cannot admit connections with stabilizer in the equivariant gauge
group larger than the constant Zs C SU(2) and hence they do not admit reducible
connections.

By Corollary 3.2.10 if g = 0, then the bundle AT does not admit anti-self dual
connections and the bundle A~ does not admit self dual connections. If g > 1 the
bundle AT does not admit self dual connections and the bundle A~ does not admit
anti-self dual connections. We fix the following conventions: For g = 0 we study
connections on the bundle A~ and for ¢ > 1 we study connections on the bundle
AT, In the case g = 0 we define Bgu (2 to be the SU(2)-invariant connections on the
bundle A~ modulo the invariant gauge group. In the case g > 1 we define Bg/(2) to
be the SU(2)- invariant connections on the bundle AT modulo the invariant gauge
group. Let Mgy 2y C Bgy 2y denote the subspace of SU(2)-invariant anti-self dual
connections modulo the invariant gauge group on the bundle A~ (if g = 0) or
AT (if g > 1). By changing the orientation we obtain theorems on the existence of
critical points of the Yang-Mills functional which are not self dual on the “opposite”
bundles.

In order to use Morse or Lusternik-Schnirelman theory we would like to know
the weak homotopy type of the invariant orbit space Bgy(2). Therefore in the next
section we will compute the homotopy type of this space.

3.3 Computation of the weak homotopy type of the space Bgy(s). Let
fo € Fag be a fixed point of the involution oy : Fay — Fag defined in (3.2.1)
and ey € S(v) the point (1,0,0) of the two sphere S(v). Then on the manifold
Moy = Fag X S(v) we choose the point [fo, eg] € Faq X5 S(v) as the base point.

Since the action of the Lie group SO(3) on the two sphere S(v) is transitive, the
orbit of the SU(2)-action on the manifold Ms, through the base point [fo, e] € Mag
is equal to the subspace {[fo,w] : w € S(v)} = 02\S(v) =2 RP2. The SU(2)-action
on the manifold Ma, has 2 types of isotropy groups. Every point [f, w] € Fagx»S(v)
is fixed by some circle U(1) C SU(2). If the point f € Fa, is not fixed by the
involution o1 : Fay — Faq, then the isotropy group of the point [f,w] for any
w € S(v) is conjugate to the standard circle

(3.3.1) U(l) = {<exp0(w) exp(o—w)

in the Lie group SU(2). If the point f € Foq X, S(v) is fixed by the involution
o1 : Fag — Fag, then the isotropy group of the point [f,w] for any w € S(v) is
conjugate to the group Pin(2) C SU(2) which is generated by the standard circle
U(1) € SU(2) and the element j € Sp(1) = SU(2). The group Pin(2) is the double
cover of the group O(2) C SO(3).

We now compute the isotropy representations of the two possible isotropy groups
U(1) and Pin(2) in SU(2) on the fibers of the bundles A™ and A~ over the manifold

>:0§9§27r}
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Msg. Recall that the positive spinor bundle AT is a lift of the SO(3)-bundle
Ey = P(T M) %, AL (RY).

Let m = [f,w] € Faq X S(v) = Myy be a point with isotropy group conjugate
to the standard circle U(1) C SU(2) defined in (3.3.1). The isotropy representation
of the point m on the fiber (T'Mag),, of the tangent bundle T'My, of the manifold
My is conjugate to the homomorphism

T:U(1) = SO(4)
1 0 0 0
(i) 0 1 0 0
exple 0 0 cos(20) —sin(20)
0 0 sin(20) cos(20)

Hence the isotropy representation of the circle U(1) on the fiber (E; ), of the
bundle E. is given by the homomorphism

proT:U(1) — SO(3)

1 0 0
(332) exp(Zﬂ) — |0 COS(29) — SIH(ZH)

0 sin(20) cos(20)

Since the bundle A* is the spinor bundle of the bundle E, for some spin structure
on the bundle E, the isotropy representation of the point m on the fiber (AT),,
of the bundle AT is conjugate to the representation

U(l) — SU(2)

(3.3.3) , exp(i6) 0
exp(if) < pO exp(—i@)) ’

Since the circle U(1) is connected, the sign in (3.3.3) has to be constant and equal
to +. Hence the isotropy representation of the point m = [f, w] € My, is conjugate
to the standard inclusion U(1) < SU(2) given in (3.3.2).

Now let m = [f, w] € Fagx5S(v) = Mag be a point with isotropy group conjugate
to the group Pin(2) = (j,U(1)) C SU(2). The isotropy representation of the group
Pin(2) on the fiber (A™),, of the positive spin bundle is a 2-dimensional complex
representation. Since restricted to the circle U(1) C Pin(2) this representation
is conjugate to the standard inclusion U(1) C SU(2) (by the same argument as
above) it has to be conjugate to the unique irreducible 2-dimensional complex
representation of the group Pin(2) on C? which is induced from the circle U(1) C
Pin(2) by the 1-dimensional complex representation of weight 1 (or weight —1).
This representation is just given by the standard inclusion Pin(2) — SU(2). The
same arguments apply to the isotropy representations of the negative spinor bundle.

Identifying the Lie group SU(2) with the Lie group Sp(1) we can consider the
bundles At and A~ as SU(2)-equivariant quaternionic line bundles. Recall that
an SU(2)-equivariant quaternionic line bundle n = (E — Ma,) is subordinate to a
quaternionic left module V' if for every point m € Mp, the isotropy representation of
the isotropy group SU(2),, on the fiber E,, of the bundle 7 over the point m € My,
is contained up to isomorphism in the space V viewed as an SU(2),,-module. The
previous discussion proves the following proposition:
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Proposition 3.3.4. The SU(2)-equivariant quaternionic line bundles AT and A~
over the manifold My are subordinate to the non-trivial 1-dimensional quaternionic
SU(2) = Sp(1)-module H given by left multiplication of the group Sp(1).

Let Q;U(Q) denote the SU(2)-equivariant gauge group of the bundle A™ and let
Q;[’JO(Q) denote the subgroup of based equivariant gauge transformations, i.e. the
equivariant gauge transformations on the bundle A™ which are the identity on the
fiber (A™),, over the base point m = [fo,eq] € Fag X S(v) = Mag. Similarly we
define the equivariant gauge group g;U(Q) and the based equivariant gauge group

ggi?@) of the bundle A~.

Lemma 3.3.5. We have isomorphisms
. 0 A
(i) g;'_U(Q)/g;'_U(Q) = Za,
. _ -0~
(i) gsu(z)/gsu(z) =Zs.

Proof. For the proof of (i) let A} denote the fiber of the vector bundle AT over
the base point m = [fo,eo] € Myy. Recall that the base point m € My, has the
isotropy group Pin(2) C SU(2) since we chose the point fo € My, to be a fixed
point of the involution o1 : Foy — Fagy. Define the restriction map

T, : Q;FU(Q) — GL(A;Z)
¢ — ¢|m

Since the gauge transformation ¢ € g;U(Q) is SU(2)-equivariant, it commutes with
the action of the isotropy group Pin(2) on the space A and hence ¢|,, is a
Pin(2)-module isomorphism. We have seen above that this Pin(2)-module A} is
irreducible. Therefore by Schur’s lemma it must be given by multiplication with
some element \ € C*, i.e. ¢|,, = AId : C? — C2. But the bundle AT has structure
group SU(2) and by definition the gauge transformation ¢ is an automorphism of
the SU(2)-bundle AT and hence ¢|,, € SU(2). This implies A € Z,. Hence the
restriction map I, takes values in Zo C SU(2) and is obviously surjective. Since
the kernel of the restriction map I',, is by definition the group Q;I’JO(Q) we have
proved (i). Since the proof of (ii) is the same, we have finished the proof of Lemma
3.3.5.

Let BgU(z) denote the orbit space of SU(2)-invariant connections on the bundle
AT if g > 1 or A~ if g = 0 modulo the action of the based invariant gauge group
Q;I’JO(Q) or QS_[’JO(Q) respectively. Let 7 : B;&Q) — B;.'U(Q) be the canonical projection.
Since the bundles A* do not admit a reducible connection (see Remark 3.2.11),

the map = is a fibration with fiber (g?U(Q)/Q;’]O(Q))/ZQ. By Lemma 3.3.5 we have

the isomorphism Q?U(Q) / g?l’]()@) 2 Zo and hence the projection map 7 is in fact a

homeomorphism. This proves

Proposition 3.3.6. The natural projection map 7 : BgU(z) — Bsu(2) is a homeo-
morphism.

In the remainder of this section we compute the weak homotopy type of the
based invariant orbit space Bgy(2) Using Theorem 2.3.1.
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Theorem 3.3.7. There is a weak homotopy equivalence

BgU(z) ~ H St
29
Proof. Let H be the 1-dimensional quaternionic representation of SU(2) 2 Sp(1)
given by left multiplication. By Proposition 3.3.4 the SU(2)-equivariant bundles
A* are subordinate to this representation. Hence Theorem 2.3.1 gives a weak
homotopy equivalence

(3.3.8) B3y ) ~ Mapgy (o) (Mag, Gy (H™))* .

Here we have chosen the point [fo,e,] € Fag X S(v) defined before as the base
point and a base point * € G1(H*) according to Theorem 2.2.2. Both points are
fixed by the group Pin(2) C SU(2). The superscript £ on the right hand side
of (3.3.8) denotes the components of maps which classify the SU(2)-equivariant
positive spinor bundles A* over the manifold Mag = Fog X6 S(v).

One checks that any line * = [(xo,1,...)] in the infinite dimensional Grass-
mannian G (H*) which is fixed by the group Pin(2) C SU(2) is already fixed by
the whole group SU(2) and hence is a fixed point of the SU(2)-action on the space
G1(H>). Hence any map f : My, — G1(H™) which is base point preserving maps
the whole orbit through the base point [fo, eg] to the base point * € G1(H™), i.e.
f([fo,x]) = * for any x € S(v). This implies the homeomorphisms

Mapy (g) (F2g %o S(v), G1(H>))
.7:2_(] Xo S(U)
{fo} %o S(v)
Let S(v)4+ = S(v) U {+} denote the two sphere S(v) with an additional disjoint

base point {+}. We choose the point fy € Fa4 as the base point in the Riemann
surface F4 and define the smash product

(3.3.9)

= Mang(Q) ( , G1(H™)) .

_ Fag X S(v)4

Fag x {+}U{fo} x S(v) 4
We extend the involution oy : S(v) — S(v) given by the reflection through the
origin to the space S(v)y by letting it act trivially on the additional base point. The
involution o : Fogq X S(v) — Fag x S(v) given by o(v,w) = (01(v), 02(w)) extends
to the space Fay X S(v)4+ and it preserves the subspace Faog x {+}U{fo} x S(v)+ C
FagxS(v)4. Hence we obtain an induced involution o : Fag AS(v)4 — FagAS(v)+.
Let Faq4 Ay S(v)+ denote the quotient.

We extend the SU(2)-action on the two sphere S(v) to the space S(v)4 by letting
it act trivially on the additional base point 4+. This induces an action on the smash
Fag A S(v)4 which commutes with the action of the involution o. Hence it induces
an SU(2)-action on the quotient Fo4 Ay S(v)+. The canonical mapping

.7'—29 Xo S(U)
{fO} X S(’U)
e[z, y]) = [z,9]

vl
is equivariant with respect to the SU(2)-action and induces an SU(2)-equivariant
homeomorphism. Together with (3.3.9) this gives a homeomorphism

Map$r(a) (Fag Xo S(v); G1(H™)) = Map§y o) (Fag Ao S(v) 4, G1(H™)).

Fag NS(0)+

— ]:29 /\a S(U)+
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Amap f: Faghe S(v); — G1(H™) is given by a map f : FagAS(v) — G (H™)
which is invariant under the action by the involution o. (The space G (H®*) is given
the trivial o-action). The adjoint map f2d : Fo, — Map® (S(v), , G1(H>)) is then
invariant under a Zs-action where the group Z, acts on the Riemann surface by
the action of the involution o; and on the mapping space Map® (S(v) 4 , G1 (H*>))
by the induced action on maps given by the oj-action on the space S(v)4 and the
trivial action on the Grassmannian Gp(H®). Since the SU(2)-and oz-actions on
the space S(v)4+ commute, we obtain the homeomorphism

Mapy(z) (Fag %o S(v), G1(H™)

(3.3.10) N 0 0 -
= Mapy, (F24, Map gy (2 (S(v)+,G1(H™))) .

We now analyze the mapping space Mapng(Q) (S()4 ,G1(H>)) together with
the above Zs-action. We first need to prove

Lemma 3.3.11. There is a homeomorphism G1(H>)V(!) = G (C>).

Proof of Lemma 3.3.11. Let 7 : G1(C*>) — G1(H*) be the map induced by the
natural inclusion C — H. Recall that we view the space H* as a right quaternionic
vector space endowed with the U(1)-action given by left multiplication of weight p.
Hence the image 7(G1(C*)) lies in the fixed point set Gy (H>)Y() of the induced
circle action on the Grassmannian G;(H®) and the map 7 induces a continuous
map 7 : G1(C®) «— G (H®)YMD). Let w = [xg, 1, .. .] be a quaternionic line in H>
fixed under the circle action. Without loss of generality we may assume zy = 1.
Given A € U(1) there is an element a(\) € Sp(1) such that \Pz; = z;a(X) for all
1 =20,1,.... For i = 0 this gives a(\) = AP. Hence NPx; = ;AP for all i =0,1,...
and hence z; lies in the centralizer of U(1) in the quaternions H which is equal to C.
Hence z; € C for all i = 0,1, ... and the element w = [zg, z1,...] lies in the image
of the map 7 : G1(C®) — G1(H*®)YM). The map 7 induces a homeomorphism
G1(C*>) = G4 (H>®)V(M), This finishes the proof of Lemma 3.3.11.

Lemma 3.3.12. There is a Zso-equivariant homeomorphism
Map$y(a) (S(v) 4, G1(H>)) = G1(C™)
where the group Zo acts on the infinite dimensional Grassmannian G1(C>*) = CP*

by complex conjugation on coordinates.

Proof. The inclusion S(v) — S(v)+ induces a homeomorphism

Map$y(2) (S(v)+ , G1(H™)) = Mapgy()(S(v) , G1(H™)) .
Let N € S(v) denote the north pole. The evaluation map
Mapgy (2 (S(v) , G1(H®)) — G (H>)”M

fr=fV)

induces an SU(2)-equivariant homeomorphism. Here we identify the two sphere
S(v) with the homogeneous space SU(2)/U(1). By Lemma 3.3.11 there is a home-
omorphism G (C>®) = Gy (H>)VM),

We now compute the Zs-action on the infinite dimensional complex Grassman-
nian G1(C*) induced by the homeomorphism in (3.3.13). Let 7 be a generator
of Zy. For any map f € Mapgy(9)(S(v),G1(H*>)) the map 7 - f is given by
7 f(w) = f(oz2(w)). Hence 7 - f(N) = f(02(N)) = f(=N) = f(S). Here we

(3.3.13)
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denote by S € S(v) the south pole. Let A € SU(2) be an element such that
A(N) = S. Since the map f is equivariant with respect to the SU(2)-action, we
obtain 7- f(N) = f(02(N)) = f(S) = f(A(N)) = A(f(N)). If B is another element
in SU(2) such that B(N) = S, then B = C' A for some element C' € U(1) C SU(2).
Here U(1) C SU(2) is the stabilizer of the SU(2)-action on S(v) at the north pole
N. But since f(N) lies in the fixed point set of the U(1)-action on the infinite
dimensional Grassmannian G1(H>), we obtain B(f(N)) = A(f(N)). Hence the
Zgy-action on the space G (H>))V™) is given by left multiplication by any element
A € SU(2) such that A(N) = S.

We now identify SU(2) with Sp(1) and the two sphere S(v) with the purely
imaginary quaternions of norm 1. Then the SU(2)-action on the 2-sphere S(v)
is given by conjugation on quaternions. The north pole N is identified with the
quaternion k. Since jkj = —jkj = —k, we can choose the element A € SU(2)
to be conjugation by the quaternion j € Sp(1). Hence the Zs-action on the space
G1(H>*)Y() induced by the homeomorphism (3.3.13) is given by left multiplication
by the quaternion j. Let [zg, 21, ...] be a line in the Grassmannian G (H>) invari-
ant under the U(1)-action. By Lemma 3.3.11 we may assume that the coordinates
x; € H are all complex, i.e. z; € C for all i. Hence

j . [1‘0,1‘1,.. ] = [jl‘o,jxl,. ] = [foj,flj,.. ] = [fo,jﬁl,. ]
and therefore the Zs-action on the space Gy (H‘X’)U(l) >~ (G1(C*) is given by com-
plex conjugation. This finishes the proof of Lemma 3.3.12.

Hence we have proved

Proposition 3.3.14. There is a canonical homeomorphism
Mapiy(s) (Fag Xo S(v), G1(H)) 2= Mapf, (F29, G1(C™))

where the Za-action on the Riemann surface Foq is given by the involution o, de-
fined in (3.2.1) and on the infinite dimensional Grassmannian G1(C*) by complex
conjugation.

We now compute the homotopy type of the Zs-equivariant mapping space
Map%2 (Fag, G1(C>)). The inclusion of the “gluing circle” S' into the Riemann
surface Foy = (Fy, — D?) Ug1 (F, — D?) gives a Za-equivariant cofiber sequence

(3.3.15) St Foy — 75 NFy

where the non-trivial element —1 € Zy acts on the surface F»4 by reflection on the
symmetry plane. Applying the equivariant mapping functor Map%2 (__,G1(C*))
to (3.3.15) gives a fibration

Mapy, (S*, G1(C™)) « Mapy, (Faq, G1(C>))

(3.3.16)
— Map%2 (Z;‘ A Fq, G1(C™)) .

Since the group Zs acts trivially on the circle S*, the base space of the fibration
(3.3.16) is homeomorphic to the space Q(G1(C%)%2). Similarly as in Lemma 3.3.11
one computes that the inclusion G;(R*) — G1(C*) induced by the canonical
inclusion R < C induces a homeomorphism (G;(C*))?2 = G;(R*). Hence the
base space of fibration (3.3.16) is homotopy equivalent to the 2-point space Zsa, the
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total space is homotopy equivalent to the disjoint union of two copies of the fiber
and we obtain the homotopy equivalence

(3.3.17) Map), (Faq, G1(C*)) ~ | | Map, (Zf A F,, G1(C™)).
2 copies
There is a natural homeomorphism
Mapy, (Z3 A Fg, G1(C)) = Map’ (F,, G1(C™)) .

Since G1(C*>) = BU(1), there is a canonical homotopy equivalence

Map® (Fy, G1(C®)) ~Z x [[ S"
2g

Here we have switched from the notation U(1) for the circle as a group to S! for
the circle as a topological space since a mapping space is not necessarily a group.
Therefore we obtain the homotopy equivalence

(3.3.18) Map, (Fag, G1(C*)) ~ | | Zx]]S").
29

2 copies

Hence, using Proposition 3.3.14, we obtain a homotopy equivalence

(3.3.19) Map$y () (Fag X0 S(v), G1(H®) ~ | | (Zx ][5

2 copies 29
and each component of the mapping space in (3.3.19) is homotopy equivalent to
the 2g-fold product of the circle S. Together with (3.3.8) this finishes the proof of
Theorem 3.3.7.

3.4 Proof of the main theorem. Recall that we defined the space Mgy (2) C
Bsu(2) to be the space of invariant anti-self dual connections modulo the invariant
gauge group on the bundle A~ if ¢ = 0 and on the bundle AT if ¢ > 1. Since
by remark 3.2.11 the bundles A* and A~ do not admit reducible connections; the
invariant moduli space Mgy (2) consists of irreducible connections. By proposition
3.1 (p. 446) in [Ba] (see also Theorem 4.6 (p. 248) and section 5 in [Cho]) for a
set of SU(2)-invariant C?-metrics (¢ > 1) on the manifold My, open and dense in
the set of all invariant metrics, the invariant moduli space of anti-self dual connec-
tions Mgyr(2) is a smooth (possibly empty) manifold of a dimension which can be
computed using the Atiyah-Segal-Singer fixed point formula.

Remark 3.4.1. Proposition 4.1 in [Ba] is stated for the case H = U(1) but the proof
carries over word for word to the case of any compact Lie group.

Remark 3.4.2. The following argument (given to me by J. Rade) shows that Uh-
lenbeck’s generic metrics theorem ([FUL Theorem, 3.17, p. 59]) and its equivariant
versions in [Ba] and [Chd] are also true in our Morrey space completions. Any
anti-self dual connection A € Mgy (2) (completed in the Lé’Q—norm) is smooth since
it is a Yang-Mills connection. So we get the same moduli spaces no matter whether
we work with Morrey or Sobolev spaces. In a neighborhood of an anti-self dual
connection A the moduli space Mgy () is a manifold if and only if the operator
D} Q2 (ad(n)) — Q'(ad(n)) has trivial null space. Here ad(n) is the vector
bundle associated to the given SU(2)-bundle n via the adjoint representation of
SU(2). DY is an elliptic operator with smooth coefficients so anything in the null
space is smooth. Hence the condition that the operator Dj has trivial null space
is independent of the choice of the function spaces.
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We now compute the formal dimension of the moduli space of invariant anti-
self dual connections. Assume that the moduli space Mgy (2) is not empty. By
standard gauge theory and an argument in [AHS| p. 444 and 445] it follows that
for a generic invariant metric the equivariant index of the Dirac operator

(3.4.3) Dp:T(A” @ AT ® (ad(n) ® C)) —» T(AT @ AT @ (ad(n) ® C))

is an actual representation. Here £ = AT ® (ad(n) ® C) denotes the coefficient
bundle. Also by standard equivariant gauge theory for a generic invariant metric
the dimension of the moduli space Mg (2) is equal to the dimension of the trivial

representation contained in the representation ind(y).

Let
e? 0
n= ()

be an element in the standard maximal torus U(1) C SU(2). If the angle 6 is
irrational, then the closure of the cyclic group generated by the element h in SU(2)
is just the torus U(1) defined in (3.3.2). The action of the element i on the two
sphere S(v) fixes the point ej = (1,0,0) and e; = (—1,0,0). Let M}, denote
the fixed point set of the element h € SU(2) acting on the manifold Ms,. Then
M}, = Fag Xgo {ed,eq } = Fa, where the isomorphism is induced by the inclusion
-7:2g (_>M2g; f'_) [fae(—)i_]

The tangent bundle 7'M, of the manifold Ms, restricted to the fixed point set

M3, splits U(1) = (h)-equivariantly as
(3.4.4) TMsy = TFy, & N(26)

where T]—'Sg denotes the real tangent bundle of the surface F», together with the
trivial U(1)-action and N(26) denotes the real two dimensional trivial bundle. Here
the generator h = €% of the circle U(1) acts on the bundle N(26) by the matrix

(s~ sniam),

The bundle N (20) is the equivariant normal bundle of the fixed point set Mth = Foy
inside the 4-manifold Ms,. Both bundles in (3.4.4) are the underlying real bundles
of complex line bundles on the surface Fag4.

By the G-Index Theorem ([AS| 5.4, p. 572] we obtain

(3.4.5)  indj,(Pp) = +chy(AT) chy(ad(n) @ C) (— Az (N(260))) A(Fay) [Fau

Here indj,([2) denotes the index of the operator P evaluated on the element
h € U(1) C SU(2), chy, the equivariant Chern character, A(F»,) the A-genus of the
surface F4 and Agp(N(26)) a certain characteristic class to be computed later.
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Let © € H?(F24,Q) be the first Chern class of the complex tangent bundle of
the Riemann surface F2,. We compute:

N T
A(fQQ) z —z
ez —e2
3 (2i6) 1
AN(20)) = 5= 1~ et _ i’

chp(A%) = 7 T 4 o5+,
chy, (ad(AT) ® C) = e "e¥20 4 1 4 TeE2i0,
Hence for ¢ = 0 and n = A~ we obtain

(e~ e + e5eif) (=72 + 1+ e%e20)y

ind,(P5) = — : —__ . S2
(3.4.6) ind;(P) (@ —c#)(e5 — e 3) [57]
_ 200 4 g4 20,
For g > 1 and AT we obtain
) _ 67%671‘0_’_6%61‘0 6716721‘0_’_1_’_61621‘0 T
indy (P5) = - X 217,

(3.4.7) (eif —e=10)(e3 — e~ %)
= (29 — 1)(3e*? + 5 4+ 3¢2).

Remark 3.4.8. Careful investigation shows that the sign in formula (3.4.5) turns
out to be +1.

Hence the dimension of the trivial representation Vo, C ind(P5) is

2, if g=0,

dim(Vag) =
im(Vag) {2(2g—1), ifg>1.

This gives

Theorem 3.4.9. If g = 0, then either the moduli space of invariant anti-self dual
connections Mgy a) of the bundle A~ is empty or, for a generic SU(2)-invariant
metric a manifold of dimension 2. If g > 1, then either the moduli space of invariant
anti-self dual connections Mgy (2) on the bundle AT is empty or, for a generic
SU (2)-invariant metric a manifold of dimension 2(2g — 1).

We are now able to prove the main theorem of this section:

Theorem 3.4.10. Fiz g=0,1,2,... and let AT and A~ be the positive and neg-
ative SU (2)-equivariant spinor bundles over the 4-manifold Mag = Foq X o S(v) of
second Chern class co(AT) =2g—1 and co(A™) = 1—2g. Fiz an SU(2)-invariant
metric.

(i) The Yang-Mills functional restricted to the invariant orbit space YM : Bgy (2)
— R has at least 29 + 1 critical points on each of the bundles AT and A~ .

(ii) In the case g = 0, for a generic SU(2)-invariant metric, the critical point on
the bundle AT cannot be self dual and on the bundle A~ it cannot be anti-self
dual. In the case g > 2 for a generic SU(2)-invariant metric at least one of
the critical points on the bundle AT cannot be anti-self dual and at least one
of the critical points on the bundle A~ cannot be self dual.
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By Palais’ principle of symmetric criticality in [Pal2] each of the critical points
in (i) is a critical point of the Yang-Mills functional on the non-equivariant orbit
space YM : BT — R, i.e. they are Yang-Mills connections.

Proof. Since the Yang-Mills functional is bounded from below and the invariant
orbit space Bgy(2) is a complete Riemannian manifold, we can apply the classical
theorem on Lusternik-Schnirelman theory by Palais ([Palll, Theorem 7.2, p. 131]).
For a topological space X let cat(X) be the category of X, that is the least integer
n so that X can be covered by n closed contractible subsets of X. Also define cl(X),
the cuplength of the space X, to be the largest integer k such that there exists a ring
R and cohomology classes a1, ...,ar—1 € H*(X, R) with positive dimension such
that their cup product does not vanish. One always has the inequality cat(X) >
cl(X).

Palais’ theorem says that the Yang-Mills functional on the space Bgy(2) has at
least cat(Bgsy (2)) critical points. Theorem 3.3.7, Proposition 3.3.6 and the inequal-
ity cat(X) > cl(X) imply that the Yang-Mills functional on the space Bgy(2) has
at least cl(] [,, S1) = 2g + 1 critical points. This proves assertion (i).

By Theorem 3.4.9 the invariant moduli space Mgy (2) is either empty or a com-
pact closed manifold of the dimension given in Theorem 3.4.9. If this manifold is
empty then there is nothing to prove. If it is not empty, we proceed as follows:

In the case g = 0 the moduli space Mgy () of anti-self dual SU(2)-invariant
connections on the bundle A~ has dimension 2. Hence HQ(MSU(Q);ZQ) = Zo.
But HQ(BSU(Q);ZQ) = 0 and hence the inclusion Mgy 2y — Bgy(e) cannot be a
homotopy equivalence. Since the Palais-Smale condition is satisfied, the critical
point from (i) cannot lie in the subspace Mgy (2) and hence it cannot be anti-self
dual.

The case g > 2 uses the same argument: Since dim(Mgy(2)) = 2(29 — 1), we
obtain H?(9=1 (Mg (a); Za) = Zsy. Since Bgp (2) ~ [ly, " and 2(2g — 1) > 2g, we
obtain H2(29_1)(BSU(2); Z3) = 0. Hence the inclusion Mgy (2) < Bgsy(2) cannot be
a homotopy equivalence and the Palais-Smale condition guarantees the existence
of a critical point which does not lie in the subspace Mgy (2)- This proves the case
g > 2. The other cases are proved by changing the orientation. This finishes the
proof of assertion (ii).
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